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Impact of Non-Random Right Censoring
on Kaplan Meier Estimates and

Log-Rank Test Results: A Simulation Study

AABBSS  TTRRAACCTT  Kaplan Meier method is one of the oldest and popular method to estimate the survival
function from life-time data. And Log–rank test is used to compare Kaplan Meier curves to evaluate
whether or not two or more groups are statistically equivalent. In survival analysis it is assumed that
censored observations are randomly distributed in data and don’t have any pattern. But in real life
this isn’t the case always. In medical studies because of dissatisfactory/ inefficient therapy, remed-
ication, negative news about remedy or interventions and high risk of hospital infection most of the
right censoring can occur within very short time interval. In the absence of censoring randomiza-
tion Kaplan Meier estimations and Log-rank test, which are the most commonly used test, results may
be biased due to the unbalanced pattern of the censored observations. But there is no study to show
the effect of the censored observation pattern on estimation and comparison of the survival curves.
In this study we aimed to show statistical properties and performance of Kaplan Meier estimates and
Log-rank test under violation of random censoring assumption. A simulation performed to show im-
pact of non-random right censoring on Kaplan Meier estimates and Log-rank test results. Our sim-
ulations cover 3 distributions, 4 levels of censoring, and two samples size for Kaplan Meier and
Log-rank test. In the all simulated data the pattern of the censored data were changed and compared
to data including random censoring. As a result of our simulations, we found location pattern of
right censored observation in data set has no significant effect on Kaplan Meier estimate. There were
two main points which have effect on Kaplan Meier estimates were sample size and censoring rate.
When comparing the curves nonrandom censoring resulted in inflation of Type I error.

KKeeyy  WWoorrddss::  Kaplan-Meiers Estimator, Logrank test, right censored data, censoring pattern

ÖÖZZEETT  Kaplan Meier yöntemi ve Log-rank testi ile survival analizlerinde yaşam eğrilerinin
tahmininde ve eğrilerin karşılaştırılmasında en yaygın olarak kullanılan yöntemlerdir. Hayatta
kalma analizlerinde sansürlü gözlemlerin rasgele olarak dağıldığı ve içinde herhangi bir yapı
barındırmadığı varsayılır. Fakat bu önşartın klinik çalışmlarda her zaman karşılanması mümkün
değildir. Klinik çalışmalarda bir tedavinin tatmin edici olmaması, yeni bir ilaç kullanımı, bir tedavi
yöntemi hakkındaki negatif haberlerin yayılması nedeni ile kısa bir zaman aralığı içinde bir çok
sansürlü gözlemin oluşması mümkündür. Sansürlü gözlemlerin bu dengesiz dağılımı ve önşartın
ihlalinden Kaplan Meier tahminlerinin ve Logrank test sonuçları etkileneceği beklenmesine karşın
sansürlü gözlemlerin yapısının ve oluşma zamanının yaşam eğrilerinin tahminine ve Logrank test
sonuçlarına nasıl bir etkisi olacağına dair literatürde yapılmış bir çalışmaya rastlanmamaktadır. Bu
çalışmada rasgele sansür varsayımının ihlali durumunda Kaplan meier ve Logrank yöntemlerinin
istatistiksel özellikleri ve performansı gösterilmesi amacı ile bir simülasyon çalışması düzenlenmiştir.
Simülasyon çalışmamızda 3 farklı istatistiksel dağılım, 4 farklı sansürlü gözlem düzeyi ve 2 farklı
örnek genişliği kullanılmıştır. Tüm veri setlerinde sansürlü gözlemlerin yerleri değiştirilmiş ve aynı
miktarda rasgele sansürlü gözlem içeren veri setleri ile karşılaştırılmıştır.  Sonuç olarak sağdan
sansürlü gözlemlerin yerleşim yerinin Kaplan Meier tahminlerinin üzerine istatistiksel olarak
anlamlı bir etkisinin olmadığı, fakat örnek genişliğinden ve sansürlü gözlemlerin yerleşim yerinden
etkilendiği ortaya konmuştur. Rasgele sansürlü gözlem içeren veri ile rasgele olmayan sansürlü yapı
Logrank testi ile karşılaştırıldığında Tip I hatanın şişdiği gözlenmiştir. 

AAnnaahh  ttaarr  KKee  llii  mmee  lleerr:: Kaplan-meier tahmincisi; logrank testi, sağdan sansürlü veri, 
sansürlü gözlemleri  yerleşimi
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ur vi val analy sis is a col lec ti on of sta tis ti cal
pro ce du res for da ta analy sis for which the
out co me va ri ab le of in te rest is ti me un til an

event oc curs.1 Sur vi val analy sis has its own ter mi -
no logy. In sur vi val analy sis the event, can be de -
ath, di se a se in ci den ce, re lap se from re mis si on,
re co very, disc har ge from hos pi tal or any event of
in te rest that may hap pen to an in di vi du al.2 The ti -
me can re fer to ye ars, months, we eks, or days from
the be gin ning of fol low-up of an in di vi du al un til
an event oc curs or age of an in di vi du al when an
event oc curs.3

So me ti mes pa ti ents who jo in the study are still
ali ve at the ter mi na ting of the study or pa ti ent can
with draw from the study by his de si re (ad ver se drug
re ac ti on, dis sa tis fac ti on of re medy), pa ti ent can di e
be ca u se of the ot her re a son (com pe ting risk) or pa-
ti ent can mo ve du ring the study. It is not pos sib le to
ob ser ve the se pa ti ents any mo re. Da ta for which the
sur vi val ti me can not be al ways eva lu a ted be ca u se of
the all abo ve men ti o ned re a sons are cal led “cen so red
da ta ”.4 Be ca u se of cen so red ob ser va ti ons, to analy se
sur vi val da ta spe ci al met hods are used.5

Kap lan Me i er es ti ma te is pro po sed by Kap lan
E.L., and Me i er P. to es ti ma te sur vi val func ti on of
li fe ti mes in con si der of cen so red ob ser va ti ons. Ka-
p lan Me i er es ti ma te is pro po sed by Kap lan E.L., and
Me i er P. to es ti ma te sur vi val func ti on of li fe ti mes
in con si der of cen so red ob ser va ti ons.6 The Kap -
lan-Me i er es ti ma tor es ti ma tes the sur vi val func ti on
from li fe-ti me da ta, 

Y is a sur vi val ti me, C is a cen so ring ti me,  

Let,                                               in de pen dent and
iden ti cally dis tri bu ted ran dom va ri ab les, whe re Y
and C ta ke va lu es in R, R, res pec ti vely . 

Set                                                  is the cen so ring
in di cator res pec ti vely for all

Let, Z are or de red dis tinct ti mes, if                 sur vi -
val ti me of in this i. po int can be es ti ma ted by Ka-
p lan Me i er es ti ma ti on. 

Ha zard ra te rep re sents the risk that an in di vi -
du al fa ils im me di a tely af ter ti me t gi ven sur vi val at

ti me t. Ha zard ra tes can be cal cu la ted by the help
of the ha zard func ti ons and we can ac hi e ve the sur-
vi val func ti on thro ugh the ha zard func ti on.2

Kap lan Me i er met hod is one of the ol dest and
po pu lar met hod to es ti ma te the sur vi val func ti on
from li fe-ti me da ta. And Lo g– rank test is used to
com pa re Kap lan Me i er cur ves to eva lu a te whet her
or not two or mo re gro ups are sta tis ti cally equ i va -
lent.7 Both of the met hods ha ve the sa me way of
hand ling cen so red ob ser va ti ons; if a sur vi val ti me is
cen so red, that in di vi du al is con si de red to be at risk
of dying in the we ek of the cen so ring but not in
sub se qu ent we eks.

Alt ho ugh the se met hods ha ve the con si de rab -
le ad van ta ge that the se met hods do not re qu i re
any thing abo ut the sha pe of the sur vi val cur ve or
the dis tri bu ti on of sur vi val ti mes and both met hods
are cal led non-pa ra met ric, they ha ve se ve ral as-
sump ti ons abo ut both comp le te and in comp le te da -
ta.8 To apply Kap lan Me i er and Log-rank met hods,
it is as su med that sub jects are dri ven from po pu la -
ti on of in te rest ran domly, sur vi val ti mes are in de -
pen dent and iden ti cally dis turb, cen so red and
un cen so red ob ser va ti ons co me from the sa me sur-
vi val dis tri bu ti on and dis tri bu ti ons of cen so ring ti -
mes are in de pen dent of the sur vi val ti mes.7,8

Im por tant as sump ti on abo ut cen so ring is non-in -
for ma ti ve which me ans that the ab sen ce of com-
pe ting risks and sub jects ha ve the sa me va lu es for
co va ri a te pre dic tors.9 The Log-rank test is ba sed on
the sa me as sump ti ons as the Kap lan Me i er sur vi val
cur ve. 

The vi o la ti ons of the se as sump ti ons may ha ve
ef fect on the analy sis sur vi val da ta and re sults in in-
cor rect or bi a sed and un re li ab le es ti ma tes. In par ti -
cu lar, cen so ring pat tern of the da ta may in cre a se the
ef fect of as sump ti on vi o la ti ons. In me di cal stu di es
be ca u se of dis sa tis fac tory or inef fi ci ent the rapy, re -
me di ca ti on, ne ga ti ve news abo ut re medy or in ter -
ven ti ons and high risk of hos pi tal in fec ti on most of
the right cen so ring can oc cur wit hin very short ti -
me in ter val.10 De vi a ti ons from ran dom cen so ring
as sump ti on mat ter most cen so ring pat tern are dif fe -
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rent in the gro ups be ing com pa red. For examp le In
a study two drugs ef fects on pa in re li ef af ter sur gery
is com pa red and pa ti ents pa in is per sist so re me di -
ca ti on is ne ces sary.10 If the ti mes to re me di ca ti on
are ear li er for tre at ment 1 than for tre at ment 2 non-
ran dom cen so ring is vi o let. Do es cen so ring ti me af-
fect com pa ri son re sults is a very im por tant prob lem
qu es ti on he re.  Anot her prac ti cal examp le for non-
ran dom cen so ring is that pa rents are very sen si ti ve
abo ut the ir ba bi es ca re. When any sus pec ted in fec -
ti on bre aks out in new born unit of a hos pi tal, many
fa mi li es chan ge the ir hos pi tal be ca u se of in fec ti on
risk. So the se pa ti ents are cen so red in the sa me pe-
ri od. The com pa ri son of two hos pi tals ave ra ge ti me
of disc har ge in ne o na tal in ten si ve ca re unit may be
bi a sed du e to the pre sen ce of non-ran dom cen so red
ob ser va ti ons. 

Alt ho ugh it is known that in cre a sing of cen so -
red ob ser va ti ons pro por ti ons in the da ta ma kes the
Kap lan Me i er es ti ma tes wor se, and the re are many
si mu la ti on stu di es in the li te ra tu re,11-13 which show
ef fect on cen so red da ta and Kap lan Me i er es ti ma tes
and Log rank test, the re is no study to show ef fect of
cen so red ob ser va ti ons pat tern on Kap lan Me i er es-
ti ma ti on and Log rank test re sult. In this study we
ai med to show sta tis ti cal pro per ti es and per for man -
ce of Kap lan Me i er es ti ma tes and Log-rank test un -
der vi o la ti on of ran dom cen so ring as sump ti on.

SIMULATION STUDY
In the si mu la ti on part, to be ab le to com pa re our
si mu la ti on re sults the dis tri bu ti ons de fi ned in the
ar tic le Hess et al14 is used. We si mu la ted da ta from

3 dif fe rent dis tri bu ti ons; sur vi val func ti ons de ri ved
from cons tant(ex po nen ti al), li ne ar in cre a sing and
li ne ar dec re a sing ha zard func ti ons inc lu ding cen so -
red ob ser va ti ons with uni form dis tri bu ti ons and
cen so ring lo ca ted at thre e dif fe rent parts of the da -
ta with two samp le si zes (n=100, n=250) for Kap -
lan Me i er and Log-rank test. Our si mu la ti ons co ver
fo ur pro por ti ons of ran dom cen so ring: 20 per cent;
30 per cent, 40 per cent and 50 per cent.  Sur vi val
func ti ons and pa ra me ters used in the si mu la ti ons
are gi ven in the (Tab le 1). 

In (Fi gu re 1), an examp le of the si mu la ted da -
ta used in Kap lan Me i er es ti ma tes is gi ven for con-
s tant ha zard ra te. Cen so red ca ses are sho wed with
“C” and un cen so red (ob ser ved) ca ses are with “O”.
For the dis tri bu ti on, we fi xed cen so red da ta ra te at
20%. And lo ca ti ons of the cen so red ob ser va ti ons
we re mo ved from left to right in the da ta sets
which are cal led ran dom, I., II. and II I. In ter val, re-
s pec ti vely.  

We app li ed Kap lan Me i er es ti ma ti on for the se
fo ur da ta sets and re al sur vi val and es ti ma ted sur-
vi val func ti ons are com pa red with sa me ap pro ach
96 dif fe rent da ta are si mu la ted. For Kap lan Me i er
es ti ma tes L2 er rors we re cal cu la ted to eva lu a te the
dif fe ren ces bet we en re al den sity and the es ti ma ted
func ti ons. A to tal of 1000 in de pen dent samp les we -
re si mu la ted for each ex pe ri ment.

In the ca se of many cen so red ob ser va ti ons lar -
ger than the lar gest ob ser ved fa i lu re ti me, Kap lan

S(t) n= 100 n= 250

Constant Hazard

Linear increasing

Linear decreasing

TABLE 1: Survival functions and parameters used in the simulation. 
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FIGURE 1: Pattern of the censored observations for constant hazard n=100, censoring rate=0.20. 

Me i er es ti ma tor is bi a sed.15 To avo id this bi as in our
si mu la ti on study the last ob ser va ti on was al ways
ob ser ved ob ser va ti on.

In the Log-rank si mu la ti on part ran dom cen-
so ring is com pa red ver sus non ran dom cen so ring
ac cor ding to Type I er ror ra tes. Func ti ons used in
Kap lan Me i er es ti ma tes are used to va li da te the dis-
tri bu ti ons. In this ca se for each ex pe ri ment 5000
in de pen dent samp les we re si mu la ted and com pa -
red with Log rank test. Si mu la ti on prog rams we re
imp le men ted in R lan gu a ge.

CONCLUSION
Im pact of non-ran dom right cen so ring on Kap lan
Me i er es ti ma tes and Log-rank test re sults are
shown with a de ta i led si mu la ti on study. The re sults
of the si mu la ti on stu di es for Kap lan Me i er es ti ma -
tes for N=100 and for N=250 are shown in (Fi gu re
2) and (Fi gu re 3) res pec ti vely. When we lo ok at
(Fi gu re 2) and (Fi gu re 3), we se e Kap lan Me i er es-
ti ma te works well for all si tu a ti ons. Com pa red to
ran dom cen so ring, non ran dom cen so ring re sul ted

�
FIGURE 2: Simulation results for N=100 in terms of a L2 (plotted as log (L2x108) for four different censoring locations and with four levels of censoring; 20 per-
cent, 30 percent, 40 percent, 50 percent.
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in no sta tis ti cally sig ni fi cant chan ges in a me di an
L2 er ror for 20% cen so ring ra te, the re was a mo d-
est in cre a se for  30% cen so ring ra te, but 40 and 50
per cent cen so ring, non ran dom cen so ring re sul ted
in a re la ti ve in cre a se in a me di an L2 er ror. For 50
per cent cen so ring ra te, this in cre a se is much cle a -
rer. 

In sur vi val analy sis it is tho ught that cen so red
ob ser va ti ons which oc cur at the be gin ning of the
study re sult in mo re in for ma ti on loss and it is se en
as a ma jor prob lem by re se arc hers.  But our si mu -
la ti on study sho wed that cen so red ob ser va ti ons oc-
cur red at the end of the study has much mo re
ne ga ti ve ef fect on Kap lan Me i er es ti ma tes. In sur-
vi val stu di es at the end of the study, es ti ma ti ons are
ba sed on less ob ser va ti on. So this re sult is re la ted
with the num ber of the ob ser va ti on at the es ti ma -
ti on po int. 

Anot her im por tant po int which has ef fect on
Kap lan Me i er es ti ma te is cen so ring ra te. When
cen so ring ra te is in cre a sed, es ti ma ti on er ror in cre -
a ses. Be ca u se of sharp in cre a se in af ter 30% cen-
so ring ra te, we can conc lu de that 30% cen so ring
ra te is the re a so nab le li mit which can be to le ra te

by Kap lan Me i er es ti ma tor. Pat tern of right cen so -
red ob ser va ti on in da ta set has litt le ef fect on Kap -
lan Me i er es ti ma te which do esn’t ma ke any ef fect
on cli ni cal in ter pre ta ti on of the re sults..    Our re sults
we re very si mi lar for who le dis tri bu ti ons used in
si mu la ti ons which me an that Kap lan Me i er es ti -
ma tor per for man ce is in de pen dent from the dis tri -
bu ti on of sur vi val ti mes. 

Alt ho ugh cen so ring pat tern do esn’t ha ve any
cli ni cally sig ni fi cant ef fect on sur vi val dis tri bu ti on
es ti ma tes, it do esn’t me an that com pa ri son of the
cur ves isn’t bi a sed. In the se cond part of our si mu -
la ti on we tes ted the im pact of non-ran dom right
cen so ring on Log-Rank Test per for man ce. To com-
pa re sur vi val cur ves, sa me dis tri bu ti ons are used
with Kap lan Me i er es ti ma tes. Dis tri bu ti on of ti me
sur vi val ti mes and the cen so ring ra tes are fi xed in
all of the gro ups only cen so ring pat tern was va ri ed.
In (Fi gu re 4) as an examp le of si mu la ted da ta, Cu-
mu la ti ve sur vi val dis tri bu ti ons and pat tern of the
cen so red ob ser va ti ons for Li ne ar in cre a sing ha zard,
n=100, cen so red ra te=40% to com pa re ran dom cen-
so ring ver sus non-ran dom cen so ring are gi ven in
terms of pat tern of the cen so ring.

�
FIGURE 3: Simulation results for N=250 in terms of a L2 (plotted as log (L2x108) for four different censoring locations and with four levels of censoring; 20 per-
cent, 30 percent, 40 percent, 50 percent. 
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The si mu la ti on re sults for Log-rank test per-
for man ce for N=100 and 250 are gi ven in (Fi gu re
5) in terms of a Type I er ror for fo ur dif fe rent cen-
so ring lo ca ti ons and with fo ur le vels of cen so ring;
20 per cent, 30 per cent, 40 per cent, 50 per cent for
Li ne ar in cre a sing func ti on. The re sults we re very

si mi lar for who le dis tri bu ti ons. As can be se en in
(Fi gu re 5), When two sur vi val cur ve inc lu de ran-
domly cen so red da ta was com pa red the type I er ror
le vel was at 0.05 but non-ran dom cen so ring pat-
tern inf la ted the Type I er ror ra te. Alt ho ugh it se -
ems that type I er rors are re a so nab le in (Fi gu re 5),

�

FIGURE 4: Cumulative survival distributions and pattern of the censored observations, for Linear increasing hazard, n=100, censored rate=40%. 

��
FIGURE 5: Log rank test simulation results for linear increasing function, for N=100 and 250 in terms of a Type I error for four different censoring locations and
with four levels of censoring; 20 percent, 30 percent, 40 percent, 50 percent. 
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it sho uld be con si de red that the Log-rank test is
most li kely to de tect a dif fe ren ce bet we en gro ups
when the risk of an event is con sis tently gre a ter for
one gro up than anot her.5 But it is un li kely to de-
tect a dif fe ren ce when sur vi val cur ves cross,6 which
has high pos si bi lity when two sur vi val dis tri bu ti -
ons are the sa me. 

As a re sult of our si mu la ti ons, we fo und lo ca -
ti on pla ce of right cen so red ob ser va ti on in da ta set
has no sig ni fi cant ef fect on Kap lan Me i er es ti ma te.
The re are two ma in po ints which ha ve ef fect on

Kap lan Me i er es ti ma tes are samp le si ze and cen so -
ring ra te. This re sult will en co u ra ge the physi ci ans
to fol low up the ir pa ti ents; even most of the cen so -
red ob ser va ti ons are oc cur red at the be gin ning of
the study.  When com pa ring the cur ves non ran -
dom cen so ring re sults in Inf la ti on of Type I er ror
for Log Rank which is pro bably hig her than de tec -
ted. We ad vi se to use Kap lan Me i er met hod for
non-ran dom cen so ring but non ran dom cen so ring
has ne ga ti ve ef fect of Log rank test and we don’t ad-
vi se to use Log rank test un der this spe ci al ca se. 
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