
n practice the shapes of the underlying distributions are very seldom
known or there may be distinct indications that the underlying distri-
butions are non-normal. In such cases the use of the standard paramet-

ric methods assuming normality can be criticized regarding validity and
optimality.

Nonparametric methods are valid for a broad family of underlying dis-
tributions and are yet reasonably efficient relative the best parametric
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A Nonparametric Test of Interaction
in the General Two-Way Layout

AABBSS  TTRRAACCTT  The two-way layout is frequently occurring, e.g. blocking is used to reduce the between subject
variability when comparing treatments or many medical centers are included in a clinical trial to recruit a suffi-
cient number of patients. In epidemiological studies, it is common to study the interactions between genetic and
environmental factors. This paper is concerned with the statistical analysis of data arising in these situations when
assumptions like normality do not necessarily apply. The main objective of this paper is to propose a test for in-
teractions for continuous data based on joint ranking of all observations after iteratively eliminating the two main
effects. The validity of the significance levels of the test when using a finite sample version of the asymptotic dis-
tribution of the test statistic is manifested and the power against different alternatives illustrated by extensive sim-
ulation experiments. The proposed test is compared with competitors on published data sets. Data from the Survey
of Adolescent Life in Vestmanland (SALVe) project are analyzed both with our test and Brunner and Puri’s pro-
posal. The test shows good asymptotic and small sample properties. It can be used in the general two-way layout
and multiple comparisons can be performed in a straightforward way. The analyses of the SALVe project show
that our proposal can be useful in such studies. It has the potential to pick-up interactions hidden in the noise of
gross errors when using standard ANOVA. The test may become a valuable tool and alternative to other propos-
als in exploring interactions.

KKeeyy  WWoorrddss::  Epistasis, genetic; statistics, nonparametric; computer simulation; research design

ÖÖZZEETT  Tedavileri karşılaştırırken ya da yeterli hasta sayısına ulaşmak için bir klinik denemeye pek çok medikal
merkez dahil dildiğinde, denekler arasındaki değişkenliği azaltmak için genellikle iki-yönlü düzen (two-way
layout), örneğin bloklama, kullanılır. Epidemiyolojik çalışmalarda, genetik ve çevresel faktörler arasındaki
etkileşim üzerinde çalışmak yaygındır. Bu çalışmada, normallik gibi varsayımların mutlaka sağlanmış olmadığı,
bu tip durumlarda elde edilen veri setinin istatistiksel analizi üzerinde durulmuştur. Bu çalışmanın ana amacı, 2
ana etki iteratif olarak elimine edildikten sonra, bütün gözlem değerlerinin bileşik sıralamasına dayanan sürekli
verinin etkileşimleri için bir test önermektir. Test istatistiğinin asimptotik dağılımının sonlu örneklem
versiyonunu kullanırken, testin anlamlılık düzeylerinin geçerliliği ortaya konulmuş ve kapsamlı simülasyon
deneyleriyle farklı alternatiflere karşı gücü gösterilmiştir. Önerilen test, yayınlanmış veri setlerindeki
alternatiflerle karşılaştırılmıştır. Vestmanland’da Adölesan Yaşamı Anketi (Survey of Adolescent Life in
Vestmanland - SALVe) projesindeki veriler, hem bizim testimizle hem de Brunner ve Puri’nin testiyle analiz
edilmiştir. Test, iyi asimptotik ve küçük örneklem özellikleri göstermektedir. Genel iki-yönlü düzende
kullanılabilir ve çoklu karşılaştırmalar kolay bir şekilde yapılabilir. SALVe projesinin analizleri bizim önerimizin
bu tip çalışmalarda kullanışlı olabileceğini göstermektedir. Standart Varyans analizi kullanılırken büyük hatalarda
saklanan etkileşimleri yakalayabilme özelliğine sahiptir. Test, etkileşimlerin araştırılmasında değerli bir araç ve
diğer önerilere bir alternatif olabilir.
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method under normality. For example, under the
normal shift model the asymptotic relative effi-
ciency (ARE) of the Wilcoxon rank sum test rela-
tive the t-test is 95.5%.

In medical data sets based on patient data the
occurrence of gross errors, i.e. longtailedness, can
reach 8-12%.

It has long been argued that with the excep-
tion of very simple designs there exists no non para-
metric alternatives or they have low power due to
separate ranking within each factor, e.g. the Fried-
man test.1 A substantial improvement can be
achieved if the observations are aligned with re-
spect to (w.r.t.) one factor when studying the other
factor. Since the aligned observations from differ-
ent levels of an aligning factor are comparable
when studying the other factor they can be ranked
jointly. In general the asymptotic efficiency under
the normal shift model of a nonparametric test
using aligned ranks relative to the optimal para-
metric test is 95.5%.2

The use of ranks in the one-way layout, the so-
called H-test, was first proposed by Kruskal and
Wallis.3 The limiting distribution of the H-statistic
under the null hypothesis of equal distributions
was derived by Kruskal4 and later Andrews5 de-
rived the limiting distributions under the alterna-
tive hypothesis. Hodges and Lehmann6 proposed
the use of aligned ranks in a randomized block de-
sign to increase the efficiency of the rank based test
of treatment effects, see also.7

Mehra and Sarangi8 proposed a test of treat-
ment effects based on aligned ranks in a random-
ized block design. The only limitation was that the
number of subjects on each treatment did not vary
between blocks. They derived the limiting distri-
butions under the null and alternative hypotheses.
Independently Sen9 proposed the same test. This
test is not only asymptotically distribution-free but
also conditionally distribution-free. Later Mehra
and Sen10 proposed a test for interaction effects in
the two-way layout using the same ideas. The test
statistic was, however, difficult to compute in ap-
plied situations. Öhrvik11 proposed a test for inter-
actions based on aligned ranks for the randomized
block design assuming symmetric distributions. 

Multi-center trials with two treatments have
been studied by Boos and Brownie12 and Brunner,
Puri and Sun13 who have derived tests for interac-
tion and treatment effects, the latter for both fixed
and random center effects. The special case with
only two centers was studied in.14

Sawilowsky15 provided a very good review of
nonparametric approaches to testing for interaction
effects, including also the method called ‘rank
transform’ (RT)  – first suggested by Conover and
Iman.16,17 This for several years popular but con-
troversial method had been recommended by
among others SAS Institute.18 However, Akritas19

showed that for the two-way layout the RT
method was not valid to test for main effects in the
presence of interactions nor was it valid to test for
interactions since it is a nonlinear transform of the
data. He also showed that homoscedasticity of the
error terms was not in general transformed to the
ranks.

Hettmannsperger2 and Hettmannsperger and
McKean20 discussed modified aligned rank tests in-
cluding tests for interactions and main effects in
the linear model. In recent years Akritas, Arnold
and Brunner21 and Brunner and Puri22 presented a
general framework for nonparametric analysis in
factorial designs. These methods can be performed
in SAS by applying Proc Mixed on the rank trans-
formed data assuming a heterogeneous covariance
structure.

Statistical interaction is usually defined as de-
parture from additivity in a specific linear model
describing the relationship between predictive fac-
tors. With this definition the choice of scale is im-
portant since factors, which are non-additive w.r.t.
a response measured on one scale, may not mani-
fest any interaction when a differently transformed
scale is used. For example, a logarithmic transform
of the response variable will often remove an in-
teraction, which was present on the original scale. 

A rapidly growing field of research is studies
on gene environment interactions, especially in
epidemiological surveys. Survey of Adolescent Life
in Vestmanland (SALVe) is one of these studies
with non-normally distributed outcomes. This un-
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derlines the need for interaction tests which are ro-
bust w.r.t. deviations from the normal distribution
e.g. longtailedness and/or skewness.

The main objective of this study is to propose
a nonparametric test for interaction effects for con-
tinuous data based on joint ranking of all observa-
tions after iteratively eliminating the two main
effects in the general two-way layout where factor
β has b levels and factor τ has t levels with nij ob-
servations per cell. Pairwise comparisons of the
cells will also be discussed.

MODEL
Let the factors β and τ be indexed by i=1,2,...,b and
j=1,2,...,t respectively. Suppose there are nij indexed
by k replications per cell (i,j). Let Yijk be the kth
observation in the cell (i,j), and assume that these
nij independent observations have a common con-
tinuous distribution function

Fij(y) = F(y + µij), (2.1)

where µij is the mean level in cell (i,j). For models
with interaction effects, µij can be decomposed as

µij = µ + βi + τj + (βτ)ij, (2.2)

where µ is the overall mean level, βi is the effect of
the ith level of factor β, Σiβi=0, τj is the effect of the
jth level of factor τ, Σjτj=0 and (βτ)ij is the interac-
tion effect between the ith level of β and the jth
level of τ, Σi(βτ)ij=Σj(βτ)ij=0. 

TEST STATISTICS
TEST FOR INTERACTION

The hypothesis of interest, namely, that there are
no interaction effects can be expressed as

H0 : (βτ)11=(βτ)12=...=(βτ)bt. (3.1) 

To isolate the parameter of interest, (βτ)ij, we
suggest aligning by removing the factor effects.
First subtract from the observations in level i of fac-
tor β an estimate of βi, i=1,2,…,b. Then subtract
from the resulting residual observations in level j
of factor τ an estimate of τj, j=1,2,…,t. Unless the
mean is used to estimate the factor effects this has
to be done iteratively until the changes in the esti-
mates from one iteration to the next are zero or
negligible. In practice however, it is seldom neces-

sary to use more than a few iterations, see.23 These
location estimates must be symmetric functions of
the observations in each level of factor β and τ re-
spectively, i.e. they must be invariant under per-
mutations of the observations (this condition is
satisfied by most location estimators) and for any
constant c satisfy the conditions

β (Y1j1 + α,…, Ybjn(bj) + c) =  β (Y1j1 ,…, Ybjn(bj)) + c
and

τ (Yi11 + α ,…, Yitn(it) + c) = τ (Yi11,…, Yitn(it)) + c 
where β (.)  and τ (.) denote the location estimates
of factor β and τ.

We recommend estimating the factor effects by
the Hodges-bservations, i.e. H/L =           ,
where X1, X2, … denote independent observations
from a common distribution F. The iterative pro-
cedure for elimination of the main effects is given
in the Appendix. Let Zijk denote the ijkth residuals
after the final iteration and        its rank in the joint
ranking of the entire N = ΣiΣjnij aligned observa-
tions. Mid-ranks are used to break ties.

The H/L estimator has very good robustness
properties. Compared with the mean and the me-
dian it is neither sensitive to a few “wild” observa-
tions (gross error sensitivity) nor is it sensitive to
gaps in the middle of the data set (local shift sensi-
tivity). Properties like this can be studied using the
influence function, IC(x), which shows the asymp-
totic effect on an estimator of a point contamina-
tion at x.24

In Figure 1 the influence function of the H/L
estimator together with the mean and the median
are plotted for the normal distribution. As can be
seen the H/L estimator has both bounded gross
error sensitivity,

sup|IC(x)|
x

and bounded local shift sensitivity,
sup|IC(x) − IC(y)|/|x−y|
x≠y

which neither the mean nor the median have.
To test the null hypothesis in expression (3.1)

we propose the test statistic

(3.2)
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where     ,
ni.=Σj nij and n.j=Σi nij. Under the null hypothesis
the squared difference within the bracket is ex-
pected to be small. Thus the hypothesis of no in-
teractions is rejected when Qβτ is sufficiently large,
say when Qβτ≥ c.

RReemmaarrkkss: (i)The test is conditional on the configu-
ration i.e. the estimates of the factor
effects.

(ii) Ties make the test conservative since
the true variation is smaller than that
given by expression (3.2) for Qβτ
which is based on continuous vari-
ables. To adjust for this 

/N (3.3)

can be used instead of N(N + 1)/12 in
expression (3.2). Straightforward calcu-
lations gives that in case of no ties ex-
pression (3.3) tends N(N + 1)/12 if H0 is
true. Since there are usually fewer ties
among the aligned observations com-
pared to the original this adjustment is
often unnecessary. Expression (3.2) can
be used with reasonable confidence un-
less the number of ties is very large in
the original dataset.

(iii) With many ties in the dataset, e.g.
when the response variable takes only
a small number of integer values it
might be preferable to align using the
mean instead of the H/L-estimator due
to gaps in the distribution of the pair-
wise means.

PROPERTIES OF THE TEST STATISTIC

The following theorem justifies the weights in the
test statistic

Theorem 3.1:: When H0 is true,      E(Qβτ) = (b-1)(t-
1) if for each (i,j) 

nij/N exists and is positive.

The proof is given in the Appendix.

RReemmaarrkk: If the distribution Fij(y) given in ex-
pression (2.1) is symmetric the 2nd and
3rd sum of squares on the 2nd line in ex-
pression (A.1) for Qβτ in the Appendix
i.e.

and 

will tend to zero as N → ∞ and we get the follow-
ing simpler form of Qβτ:

,                        (3.4)

which was studied in.12

The following theorems are stated without
proofs.

Theorem 3.2:: If H0 is true, and for each (i,j)      nij/N
exists and is positive the statistic Qβτ,
defined by (3.2) is asymptotically Chi-
square distributed with (b – 1) (t – 1) de-
grees of freedom (df). 

For a proof see e.g. (3).

This implies that asymptotically the null hy-
pothesis of no interaction effects is rejected at the
significance level a if 

Qβτ > χ2
a ((b – 1)(t – 1)),                              (3.5)

where χ2
a (ν) denotes the upper a-quantile of a Chi-

square distribution with ν df. For small nij a better
approximation of the actual significance level is
given by a F-distribution with (b – 1)(t – 1) df in
the numerator and N df in the denominator i.e. re-
ject H0 if

Qβτ /[(b – 1)(t – 1)]> Fα [(b – 1)(t – 1),N]. (3.6)

Theorem 3.3:: If for each (i,j)    nij/N exists and is
positive then under the shift model
Gij(z) = G [y + (βτ)ij/   ] for all (i,j),
where Gij(z) is the distribution of Zijk,
the statistic Qβτ defined by (3.2) is as-

FIGURE 1: The influence function of some location estimators under the nor-
mal distribution.

mean

H/L-estimator
median



ymptotically non-central Chi-square
distributed with (b – 1) (t – 1) df and
non-centrality parameter

(3.7)

where                           .

Under mild regularity conditions on G(z) An-
drews6 proved this theorem for an asymptotically
equivalent test statistic.

Under the normal shift model we have

g(z) =  

and thus

.                             (3.8)

This leads to

.                           (3.9)

The corresponding F-test will under the nor-
mal shift model be asymptotically non-central
Chi-square distributed with (b – 1)(t – 1) df and
non-centrality parameter

.                            (3.10)

The asymptotic efficiency of the Qβτ-test rel-
ative to the Fbt-test is given by the ratio of the two
non-centrality parameters

(3.11)

Under the normal shift model the ARE of the
Qβτ-test to its corresponding parametric test is as-
ymptotically equivalent to that of the Kruskal -
-Wallis test to the F-test in the one-way analysis of
variance. However, as in the standard ANOVA case
the power of the test for interactions is lower than
that for the main effects. This can for example lead
to the ignorance of the variability in the treatment
effects in a multi-center study. In practice it is
therefore advisable to use a higher significance
level for the interaction test, say 10% instead of 5%.

CCoommmmeenntt:: If the distribution Fij(y) given in ex-
pression (2.1) is symmetric theorem 3.2
and 3.3 holds also for Q*

βτ

MULTIPLE COMPARISONS

When the overall test of no interaction effects is
rejected it is of interest to see which cells differ sig-
nificantly. This can be done by multiple compar-

isons. We propose the modified sequentially rejec-
tive Bonferroni correction to control the simulta-
neous significance level, since it is superior to the
classical Bonferroni correction w.r.t. power, see.25

The method can be described as follows. Say
that we want to perform all        significance tests
on the cell differences µij – µkl, with a simultaneous
significance level of at most α. The individual tests
H0 : µij – µkl = 0 can be performed using the tech-
niques of the one-way layout, where the cells are
the groups. Let Rijk denote the rank of Yijk in the
joint ranking of the entire N=ΣiΣjnij observations.
Consider the quantity

,                                                  (3.12)

where as before                . Under the null hy-
potheses it follows from the proof of theorem 3.1
that

E(Rij.) = (N +1)/2,

Var(Rij.) = (N – nij)(N +1)/(12nij)

and

Cov(Rij,Rkl.) =  – (N +1)/12.

Hence for the test statistic in (3.12) we get

E (3.13)

and

Var (3.14)

In conformity with the results in5 we have
under the null hypothesis that the test statistic 
( Rij – Rkl. )/     is asymptotically normal distributed
with mean and variance given by expressions (3.13)
and (3.14) respectively.

The asymptotic two-sided p-value for the dif-
ference between cell (i, j) and (k,l) is

pij,kl = 2                                                             (3.15)

where Φ(⋅) denotes the standard Normal distribu-
tion. The classical Bonferroni correction implies
that each pij,kl is compared with α/C. The modi-
fied sequentially rejective Bonferroni correction is
also based on the p-values. Let p(1)≤p(2)≤...≤p(C) de-
note the ordered pij, kl:s. The procedure can be de-
scribed as: Let sc denote the maximum number of
possibly true hypotheses, given that at least c – 1
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hypotheses are false. If pc≤α/sc we reject the null
hypothesis and continue by comparing p(c+1) with
α/s(c+1), else we stop and declare the actual and all
remaining comparisons nonsignificant at level α,
where c=1,2,...,C – 1. The possible values of sc can
be obtained from the recursion formula, see.25

A(bt) =                               ,                       (3.16)

where A(bt) is the set of possible numbers of
true hypotheses with bt cells, bt≥2 and
A(0)=A(1)={0}.

CCoommmmeenntt:: Above we have used the joint ranking
in the pairwise comparisons.

Alternatively we could have used sepa-
rate ranking for each comparison. For a
discussion concerning the two ranking
methods in this context see.8

SAMPLING EXPERIMENTS

To study the small sample behavior of the tests
based on the statistic Qβτ a sampling experiment
was performed.

To achieve a reasonable precision 10000 repli-
cates were used in all situations. The same random
numbers were used for each parameter combina-
tion, to reduce the uncertainty when comparing
results from different parameter combinations. 

Uniformly distributed random numbers (Uj)
were generated using the following multiplicative
congruence generator

Ij = 75 Ij-1 mod (231 – 1) where I0 ∈ [1, 231 – 2]
and Uj = Ij / 231.

Finally the Uj’s were randomly permuted in
batches of 500 to improve their random properties.
The standard normal random deviates (Zj) were cal-
culated using the following algorithm (polar method):
Given that S = (2Uj – 1)2 + (2Uj+1 – 1)2 ≤ 1 will

Zj = (2Uj – 1)/             /     and Zj+1 = 
(2Uj+1 – 1)              /     

be independent and normally distributed with µ =
0 and σ2 = 1 (log denotes the natural logarithm).
Chi-square random variables with 2 df were gen-
erated using the inverse method Xj = F -1(Uj) where
F(x) = 1-exp(-x/2). Since a sum of independent Chi-

square distributed variables is Chi-square distrib-
uted with the df equal to the sum of the df of the
included variables Xj + Xj+1 will be Chi-square dis-
tributed with 4 df.

Random variables from the Cauchy, t and con-
taminated normal distributions were generated
using the normal/independent method i. e. they
can be expressed as Xj= Zj/Yj+1 where Zj ~ N(0, 1)
and Yj+1 > 0 are independent random variables. If
Yj+1 =       Xj will be Cauchy distributed and if
ν      = χ2(ν), where χ2(ν) denotes a Chi-square dis-
tributed random variable with n df, Xj will be t dis-
tributed with ν df (t(ν)). Finally if Yj+1 = σ Uj+1∈
(0, κ] and 1 otherwise Xj will be contaminated nor-
mally distributed, i. e. follow a standard normal dis-
tribution contaminated by on the average 100κ %
observations coming from a normal distribution
with variance σ2 (CN(κ,σ)). A thorough description
of the random number generation process is given
in.26

The small sample results are divided into two
parts. First we investigated how well the suggested
finite sample null distribution of the Qβτ statistic
approximates the actual null distribution for some
chosen levels α. As a control the level of the corre-
sponding F-test was estimated for the same data
sets at α = 5%.

The following model was used

Yijk = βi + τj + εijk ,

where the error term εijk had symmetry point equal
to 0 and scale equal to the Fisher information for
the symmetric error distributions and E(εijk) = 0
and Var(εijk) = 1 for the skewed distributions.
Without loss of generality we can set βi ≡ 0 all i and
τj ≡ 0 all j.

The results are summarized in Table 1 to 3 for
different number of levels of the factors β and τ.  

The tables show that the asymptotic nominal
level corresponds well with the actual level. The
general impression being that the 1% level tends to
be too conservative and the 10% level too liberal
independent of error distribution but more accen-
tuated for smaller cell sizes. Approximate confi-
dence intervals for the results based on the normal
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Error Cell Asymptotic nominal level F-test 
distribution sizes nij αα in percent; statistic Qββττ nominal level 

10% 5% 1% 5%
Cauchy2) 4 11.2 5.3 0.7 1.7

8 10.5 5.4 0.9 1.4

16 10.2 4.6 0.9 1.6

32 9.6 4.8 1.0 1.6

n1 11.3 5.6 0.7 -

2*n1 10.8 5.4 1.0 -

t(2)2) 4 11.0 4.5 0.5 3.1

8 10.8 4.9 0.7 3.5

16 10.7 5.1 0.9 3.9

32 10.0 4.9 0.9 3.8

n1 11.1 5.4 0.9 -

2*n1 10.2 5.1 1.0 -

t(4)2) 4 10.6 4.6 0.5 4.3

8 10.4 4.9 0.9 4.6

16 10.1 4.6 0.7 4.6

32 9.5 4.7 1.0 4.7

n1 11.3 5.4 0.7 -

2*n1 10.4 4.9 0.7 -

CN(.1,3)3) 4 11.0 4.6 0.4 4.6

8 10.7 4.8 0.6 4.7

16 9.7 4.6 0.8 4.6

32 10.1 5.2 1.0 5.0

n1 10.4 5.0 0.7 -

2*n1 9.9 4.9 0.9 -

N(0,1)2) 4 10.9 4.7 0.4 5.1

8 10.6 5.0 0.6 4.9

16 9.8 4.5 0.8 4.8

32 10.1 5.1 1.0 4.9

n1 10.5 4.9 0.7 -

2*n1 10.0 4.7 0.9 -

√(χ2(2)/2)4) 4 10.7 4.6 0.4 4.6

8 10.2 4.6 0.7 5.0

16 10.4 5.0 0.8 5.0

32 9.6 4.9 0.9 4.9

n1 10.5 5.0 0.9 -

2*n1 9.8 4.8 0.8 -

√(χ2(4)/4)4) 4 10.4 4.9 0.5 5.0

8 10.4 5.0 0.6 5.0

16 10.4 5.0 1.0 4.9

32 10.2 4.7 0.8 5.0

n1 10.3 4.8 0.6 -

2*n1 10.0 4.9 0.7 -

TABLE 1: Actual significance levels (in per cent) for the
test of interaction effects. Factor effects estimated by the
H/L-estimator. Number of levels in 1st and 2nd factor (4, 2).

1) n = [ 4 4; 16 4; 4 8; 16 8 ]
2) Fisher information [I (F)]-1 = ( v + 3 )/( v + 1 ), where v is the degrees of freedom
3) [I (F)]-1 ≈ 1.256201
4) E (χ) ≈ (1 -1/2v)½ {1 + [16v (v -1)]-1} and Var (χ) ≈ (2v)-½ (1 -1/4v -1/8v2 +5/64v3)

Error Cell Asymptotic nominal level F-test
distribution sizes nij αα in percent; statistic Qββττ nominal level

10% 5% 1% 5%
Cauchy2) 4 10.9 4.5 0.3 1.7

8 10.7 4.9 0.7 1.8

16 10.0 4.6 0.7 1.6

32 10.1 4.9 0.8 1.4

n1 10.9 5.3 0.9 -

2*n1 10.1 5.0 0.8 -

t(2)2) 4 10.1 4.1 0.3 3.4

8 10.3 4.8 0.7 4.0

16 10.7 5.4 0.9 4.0

32 9.5 4.6 0.9 3.6

n1 10.7 4.9 0.7 -

2*n1 10.7 5.1 1.0 -

t(4)2) 4 10.6 4.4 0.4 4.6

8 10.7 4.9 0.8 5.1

16 9.9 4.7 0.7 4.6

32 10.0 4.8 0.8 4.7

n1 10.9 5.0 0.7 -

2*n1 10.0 4.7 0.8 -

CN(.1,3)3) 4 10.2 4.0 0.3 4.4

8 9.6 4.3 0.7 4.4

16 10.2 5.0 0.8 5.0

32 10.0 4.8 0.9 4.9

n1 9.8 4.4 0.5 -

2*n1 10.4 4.7 0.7 -

N(0,1)2) 4 10.2 4.2 0.3 5.1

8 9.7 4.3 0.6 4.6

16 10.3 5.0 0.8 5.2

32 10.0 4.9 1.0 4.9

n1 9.8 4.4 0.5 -

2*n1 10.4 4.9 0.7 -

√(χ2(2)/2)4) 4 10.7 4.6 0.5 5.3

8 10.2 4.7 0.6 5.0

16 10.2 5.1 0.9 5.0

32 10.4 5.0 1.0 5.0

n1 10.3 4.4 0.7 -

2*n1 10.4 4.8 0.8 -

√(χ2(4)/4)4) 4 10.8 4.7 0.4 5.2

8 9.7 4.3 0.6 4.7

16 9.8 4.7 0.8 4.6

32 10.2 5.0 0.8 5.3

n1 10.3 4.1 0.5 -

2*n1 9.5 4.7 0.7 -

TABLE 2: Actual significance levels (in per cent) for the
test of interaction effects. Factor effects estimated by the
H/L-estimator. Number of levels in 1st and 2nd factor (4, 3).

1) n = [ 4 4 4; 16 4 8; 4 4 8; 16 16 8 ]
2) Fisher information [I (F)]-1 = ( v + 3 )/( v + 1 ), where v is the degrees of freedom
3) [I (F)]-1 ≈ 1.256201
4) E (χ) ≈ (1 -1/2v)½ {1 + [16v (v -1)]-1} and Var (χ) ≈ (2v)-½ (1 -1/4v -1/8v2 +5/64v3)
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approximation are given by the observed actual
level ±0.6%, ±0.4% and ±0.2% for α = 10%, 5% and
1% respectively. 

To study the power (Π) of the tests against dif-
ferent alternatives the following model was used

Yijk = βi + τj + (βτ)ij + εijk ,

where the error term εijk had symmetry point equal
to 0 and scale equal to the Fisher information for
the symmetric error distributions and E(εijk) = 0
and Var(εijk) = 1 for the skewed distributions.

The following interaction effects were used

(ββττ) = 0.25Wbt ,

where

and

.

As above we can set βi ≡ 0, all i and τj ≡ 0, all j with-
out loss of generality.

The results are summarized in Figure 2 to 4
which show the logit transform of the power
(log[Π/(1-Π)]) in relation to the total sample size
N. 

The graphs show that under the normal shift
model the power of the Q-test (ΠQ) is close to the
F-test (ΠF) in all cases. This is consistent with ex-
pression (3.11). For the longer tailed distributions
the Q-test outperforms the F-test.

NUMERICAL COMPARISONS 
WITH OTHER TEST STATISTICS

Numerical comparisons between the Qβτ test and
other proposals are presented in Table 4. The
datasets are briefly described in the table, where
also references to the papers describing them are
given. The different test statistics and references to
them are given in the footnotes to the table. 

As can be seen the Qβτ test behaves well in
most situations, especially when aligning on the
H/L-estimator or the mean. The results of the

Error Cell Asymptotic nominal level F-test 
distribution sizes nij αα in percent; statistic Qββττ nominal level 

10% 5% 1% 5%
Cauchy2) 4 11.0 4.5 0.3 1.9

8 10.7 5.0 0.7 1.6

16 9.6 4.8 0.7 1.7

32 9.5 4.5 0.8 1.7

n1 11.2 5.1 0.7 -

2*n1 10.4 5.1 0.8 -

t(2)2) 4 11.1 5.0 0.5 3.6

8 11.0 5.3 0.9 3.9

16 10.5 5.2 1.0 4.0

32 9.6 4.4 0.9 3.8

n1 10.3 4.6 0.5 -

2*n1 10.3 4.9 0.8 -

t(4)2) 4 10.7 4.4 0.4 4.2

8 11.0 5.2 0.8 4.8

16 9.8 4.7 0.8 4.9

32 9.8 4.8 0.8 4.9

n1 10.9 5.1 0.6 -

2*n1 10.2 4.9 0.8 -

CN(.1,3)3) 4 10.8 4.6 0.5 4.7

8 10.2 4.6 0.8 4.7

16 10.2 4.7 0.9 5.0

32 10.4 5.2 0.9 5.0

n1 10.6 4.7 0.6 -

2*n1 10.3 4.7 0.9 -

N(0,1)2) 4 10.8 4.4 0.5 5.1

8 10.4 4.8 0.8 5.0

16 10.5 4.9 0.9 4.9

32 10.4 5.0 0.9 5.1

n1 10.4 4.6 0.7 -

2*n1 10.4 4.9 0.9 -

√(χ2(2)/2)4) 4 10.9 4.2 0.5 5.0

8 10.0 4.5 0.7 4.8

16 10.1 4.9 1.1 5.0

32 10.7 5.1 0.8 5.2

n1 10.4 4.8 0.7 -

2*n1 10.1 4.6 0.8 -

√(χ2(4)/4)4) 4 11.0 4.6 0.5 5.0

8 10.2 4.4 0.5 4.6

16 10.0 4.8 0.8 4.8

32 10.2 5.0 1.0 5.2

n1 10.4 4.7 0.5 -

2*n1 10.2 4.9 0.7 -

TABLE 3: Actual significance levels (in per cent) for the
test of interaction effects. Factor effects estimated by the
H/L-estimator. Number of levels in 1st and 2nd factor (6, 3).

1) n = [ 4 4 4; 16 4 8; 4 4 8; 16 16 8; 8 8 4; 4 4 16 ]
2) Fisher information [I (F)]-1 = ( v + 3 )/( v + 1 ), where v is the degrees of freedom
3) [I (F)]-1 ≈ 1.256201
4) E (χ) ≈ (1 -1/2v)½ {1 + [16v (v -1)]-1} and Var (χ) ≈ (2v)-½ (1 -1/4v -1/8v2 +5/64v3)

=



Brunner and Puri’s small sample test FN(MM) and
the standard ANOVA test are close in most cases.
The model-fitting criterion rank test D* and the
aligned rank test S* suggested by3 behave like our
proposals for the survival data, the D* test being
liberal.15

Finally some simulation results comparing our
proposal Qβτ with Brunner and Puri’s large and
small sample statistics QN(CC) and FN(MM) are given
in Table 5. The results for QN(CC) and FN(MM) are
from Table 3 in.27 As can be seen from the table the
actual significance levels are close to the nominal
levels for the Qβτ and the FN(MM) statistics, FN(MM)
being a little more conservative, while for the
QN(CC) statistic the actual significance levels heav-
ily exceeds the nominal levels. In additional simu-
lations (data not presented in their paper) Brunner,
Dette and Munk27 studied the validity of the sig-
nificance levels of the FN(MM) statistic for other dis-
tributions (both longtailed and skew), unequal cell
sizes and other experimental designs. They con-
cluded that they got similar results, which corre-
sponds to our results for the Qβτ statistic (see Table
1 to 3).  

THE SALVe PROJECT
MATERIAL AND METHODS

All 16-year-old (ninth grade students, compulsory
school) and 19-year-old (third grade students, sec-
ondary school) in Västmanland, a medium-sized
county of Sweden, a total of 2987 ninth graders and
2186 third graders, comprised the target popula-
tion. The students were asked to complete a men-
tal and psycho-social health-screening question-
naire, “Survey of Adolescent Life in Vestmanland
(SALVe)” during a 1-h session under the supervi-
sion of a specially trained research assistant. In total
there were 2611 (mean age 16.0 year) and 1649
(mean age 19.2 year) students, 87 and 75 percent
respectively, who completed the questionnaire. All
students had an opportunity to give their informed
consent to participate in an in-depth-interview and
the drawing of a blood sample, by giving their full
personal security number at the form front page.
Informed consent was received from 785 students
who could be traced with valid names. All students
were classified with a risk index, depending on
their risk behaviors (Alcohol, Narcotic, Sexual,
Property offence, and Violent offence) reported in
the questionnaire, and divided into quartiles ac-
cording to their respective risk index. A random
sample of 400 students, one-third from the lower,
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FIGURE 2: Power of the Qβτ -test and corresponding F-test for interactions
(logit scale). Factor effects estimated by the H/L-estimator. Number of levels
in 1st and 2nd factor (4, 2).

FIGURE 3: Power of the Qβτ -test and corresponding F-test for interactions
(logit scale). Factor effects estimated by the H/L-estimator. Number of levels
in 1st and 2nd factor (4, 3).

FIGURE 4: Power of the Qβτ -test and corresponding F-test for interactions
(logit scale). Factor effects estimated by the H/L-estimator. Number of levels
in 1st and 2nd factor (6, 3).
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one-third from the two middle and one-third from
the upper quartile balanced w.r.t. age and gender,
were drawn from the volunteers. The procedure
with an initial risk survey was used to ensure that
we should have enough participants from both
ends of the deviant behavior continuum. There
were no explicit exclusion criteria. Written in-

formed consent was obtained from 81 boys and 119
girls who agreed to give blood samples and to take
part in an interview when asked to participate a
second time. The study was approved by the re-
search ethics committee at Uppsala University,
Sweden and complies with the Declaration of
Helsinki.
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Qββττ /NDF statistic, p-value Factor effects estimator

Dataset H/L mean median Test statistic, p-value

Hettmannsperger’s example on 2.62 2.51 2.66 1.31, 0.2961

survival data a 3x4 factorial with 4 0.028 0.034 0.026 3.35, 0.0102

observations per cell, p.270-5 (2) 14.77, 

0.0223

1.87, 0.1134

Hettmansperger & McKean,s 2.21 2.07 2.43 1.42, 0.2331

example on life time of motors a 3x3 0.085 0.103 0.063 2.69, 0.0405

factorial with cell sizes ranging from 3 to 6 1.30, 0.2924

and one cell with zero variation, pp 255-8 (20) 

Sawilowsky’s fabricated data a 2x2 4.34 4.23 4.57 4.54, 0.0401

factorial with 10 observa-tions per cell, 0.042 0.044 0.037 4.45, 0.0426

pp 109-15 (15) 4.34, 0.0377

3.98, 0.0544

Brunner & Puri’s example on 1.13 1.45 1.09 0.92, 0.4031

Dr. Beusher’s fertility trial a 2x3 0.331 0.242 0.346 1.78, 0.4128

factorial with cell sizes ranging 0.83, 0.4414

from 8 to 13, pp 24-5 (22) 

TABLE 4: Comparisons between the Qβτ test of interaction effects and other proposals.

1) Brunner & Puri’s small sample test FN (M) approx F [(b-1)(t-1),N-bt]
2) The model-fitting criterium rank test D*  approx F [(b-1)(t-1),N-bt]
3) Aligned rank test S* approx χ2 [[(b-1)(t-1)]
4) Standard ANOVA F ~   F [(b-1)(t-1),N-bt]
5) R-analysis based on Wilcoxon scores approx F [(b-1)(t-1),N-bt]
6) Adjusted RT approx F [(b-1)(t-1),N-bt]
7) Puri & Sen’s L approx F [(b-1)(t-1),N-bt]
8) Brunner & Puri’s large sample test QN (C ) approx χ2 [[(b-1)(t-1)]

Asymptotic nominal level αα

Qββττ statistic QN (C ) statistic FN (M) statistic

Error distribution Cell sizes nij 10% 5% 1% 10% 5% 1% 10% 5% 1%

N(0,1) 4 10.8 4.4 0.5

7 24.1 16.8 7.3 9.2 4.2 0.6

8 10.4 4.8 0.8

TABLE 5: Actual significance levels (in per cent). Comparisons between the Qbt test for interaction effects 
(factor effects estimated by the H/L-estimator) and Brunner & Puri’s large and small sample statistics QN(C) and FN(M).

Number of levels in 1st and 2nd factor (6, 3).



The risk index showed no significant differ-
ences between the group interviewed and those re-
sponding to the initial questionnaire. For a more
comprehensive description of the participants,
see.28

Venous blood was drawn from all interviewed
students for molecular genetic analyses. One boy
and one girl were excluded due to hepatitis infec-
tion. DNA was extracted from venous blood using
standard methods. PCR-based genotyping of the
AP-2ß intron 2 polymorphism was performed as
described in.29 With regard to the 5-HTTLPR poly-
morphism, PCR-based genotyping was performed
according to a modified protocol by Collier.30 Fi-
nally for the MAO-A polymorphism PCR-based
genotyping was performed as described in.31

To confirm that the correct regions of the AP-
2ß gene, the 5-HTTLPR gene and the MAO-A
gene were amplified, PCR products representing all
genotypes were sequenced using BigDye®Termina-
tor chemistry (Applied Biosystems) and analyzed
by an automated ABI PRISM 310 Genetic Analyzer
(ABI PRISMTM Perkin Elmer, Foster city, CA,
USA). The DNA fragments were analyzed using the
SquencerTM 3.1.1 software (Gene Codes Corpora-
tion, Ann Arbor, MI, USA).

RESULTS 
Results from the following three SALVe study proj-
ects will be presented:

1. 5-HTTLPR Genotype (short/short, long/short
and long/long alleles) and Quality of Family Re-
lations (categorized into bad, equal and good) in
relation to Alcohol Consumption, see.28 Cell
sizes: 6, 5, 33; 20, 9, 61; 9, 7, 46.

2. MAO-A Genotype (short present and long/long
alleles) and Psychosocial Risk (defined as either
living in multi-family house and/or having ex-
perience of violent victimization) in relation to
Total Criminality Activity among Boys, see.31

Cell sizes: 21, 11; 29, 17.

3. 5-HTTLPR and AP-2ß genotypes (short present
and long/long alleles) in relation to Cloninger’s
Temperament and Character Inventory (TCI)
dimensions especially Self Transcendence and

its sub-scale Spiritual Acceptance among Boys
and Girls, see.32 Cell sizes: 24, 24; 22, 9 and 51,
34; 20, 11 for boys and girls respectively.

The response variable in the 1st study is a pos-
itively skewed continuous variable, see Figure 5. In
the 2nd and 3rd studies the response variables are
tied in integer values but commonly this variables
are treated as they were metric variables see e.g.33

Box plots of the response variables in 3rd study are
shown in Figure 6.

The results are presented in Table 6. As can be
seen in the table the results are similar in most
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FIGURE 5: Box plots of the total alcohol consumption per year for the sub-
groups 5-HTTLPR gene expression combined with family relations. 

FIGURE 6: Box plots of genotype combination subgroups for Self-Tran-
scendence and Spiritual Acceptance for boys and girls separately. H/L esti-
mates marked as black triangles in the box plots.
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cases, especially aligning using the H/L-estimator
and the mean gives very similar results. Finally,
when comparing with Brunner and Puri’s small
sample test FN (MM) the only large difference occurs
in the alcohol consumption study where the Qβτ
statistic give a significant interaction while FN (MM)
doesn’t. Looking at the box plots in Figure 5 we can
see that 5-HTTLPR heterozygous (LS) adolescents
are sensitive to the quality of the family relations –
increasing alcohol consumption as the family rela-
tions get worse. In homozygous (SS or LL) adoles-
cents the quality of family relations doesn’t affect
the alcohol consumption. This is in consistence
with the outcome of the Qβτ statistic. In Figure 6
the box plots of the genotype combinations for
Self-Transcendence and Spiritual Acceptance are
given for boys and girls separately. Their appear-
ance is also in consistence with the outcome of the
test statistics.

Finally for the subscale Self-Transcendence
also expression (3.3) was used instead of N(N +
1)/12 in the Qβτ statistic to adjust the variance for
ties. The results using expression (3.3) are given in
the footnotes to Table 6 and show that the differ-
ences between the adjusted and unadjusted values
are negligible.

CONCLUSION
The proposed test for interaction effects shows
good asymptotic and small sample properties. It can
be used in the general two-way layout and multi-
ple comparisons can be performed in a straightfor-
ward way applying the modified sequentially
rejective Bonferroni correction to control the total
experimental error. Mid-ranks can be used to break
ties and as long as the data are not tied in a few val-
ues there is no need for an adjustment of the vari-
ance in the expression for the Qβτ statistic as was

Dataset Qββττ /NDF statistic, p-value Factor effects estimator FN (M)  statistic, p-value

H/L mean median

5-HTTLPR Genotype and 3.79 3.96 3.53 0.68

Quality of Family Relations in 0.006 0.004 0.009 0.583

in relation to Alcohol Consumption

in Adolescents (28)

MAO-A Genotype and Psychosocial 7.15 6.93 6.41 8.60

Risk in relation to Total 0.009 0.010 0.013 0.005

Criminality among Boys (31)

5-HTTLPR and AP-2ß genotypes

in relation to the TCI 

character Self Transcendence 

and its sub-scale Spiritual 

Acceptance among boys and girls (32)

Boys: Self Transcendance 2.251 2.412 2.05 1.94

0.133 0.120 0.152 0.179

Boys: Spiritual Acceptance 0.69 0.74 0.64 0.49

0.415 0.396 0.431 0.491

Girls: Self Transcendance 5.51 6.38 4.83 5.97

0.020 0.012 0.028 0.018

Girls: Spiritual Acceptance 5.06 4.97 5.12 5.39

0.025 0.026 0.024 0.021

TABLE 6: Gene – Environment and Gene – Gene interactions from the SALVe project. Comparisons between the Qβτ test
for interaction effects and Brunner & Puri’s small sample statistic FN(M). 

1) Adjusting the variance for ties using expression (3.3) gives Qβτ /NDF =2.35 with p-value = 0.129
2) Adjusting the variance for ties using expression (3.3) gives Qβτ /NDF =2.53 with p-value = 0.116



seen from the result in Table 4 and 6. Further the
test remains valid w.r.t. type I error even when
there are great differences between the cell sizes.

The comparisons with other proposals in Table
4 are advantageous for our proposal. The simula-
tion comparisons between our proposal Qβτ and
Brunner and Puri’s small sample statistics FN(MM) in
Table 5 show that the actual significance levels are
close to the nominal levels for both statistics, FN(MM)
being a little more conservative. Although the Qβτ
statistic was evaluated for cell sizes 4 and 8 and
FN(MM) for cell size 7 the comparison is reliable
since the behavior of the Qβτ statistic for a cell size
equal 7 could be interpolated to lie between those

of cell size 4 and 8. The analyses of  the three sub
studies in the SALVe project show that the Qβτ sta-
tistic can be useful in studies like these and its over-
all performance is at least as good as Brunner and
Puri’s small sample test FN (MM).

The proposed test has the potential to pick up
interaction effects hidden in the noise of the gross
errors when using standard ANOVA. The test may
become a valuable tool and alternative to other
proposals in exploring interaction effects.

A computer program for the interaction test
written in Fortran is available from the author
upon request.
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